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Abstract
Riemann surfaces of genus g admit at most 84(g − 1) automorphisms. The group attaining this
bound is called a Hurwitz group. A group G is a Hurwitz group if and only if it has a pair of
generators of order 2 and 3 whose product has order 7. Each alternating group An for n > 168 is
a Hurwitz group and most cases with n < 168 are too, but the suitable generators are not explicitly
known. In this paper we obtain all pairs of such generators of Hurwitz groups An for n < 35, namely
A15, A21, A22, A28, A29.
These results are used to deal with the corresponding problem on non-orientable surfaces. In this
case the question is stated in terms of finding a third element of order 2 whose products with the
previous elements have also order two. In particular, we obtain that A15 and A28 match the bound
for non-orientable surfaces (that is to say they are H ∗-groups) whilst A21, A22, and A29 do not.
As a byproduct we obtain other Hurwitz groups which are proper subgroups of An and give some
examples of such generators for them.
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A Klein surface X is a topological compact surface equipped with a dianalytic struc-
ture [1]. Every Klein surface can be expressed as D/Γ where D is the hyperbolic plane
and Γ is a non-Euclidean crystallographic group (NEC group, in short). An unbordered
orientable Klein surface is a Riemann surface.
A very interesting problem is to determine the automorphism group of Klein and
Riemann surfaces. A finite group G with order N acts as a group of automorphisms
of X = D/Γ if and only if there exists another NEC group Γ ′ and an epimorphism
θ :Γ ′ → G such that G ≈ Γ ′/Γ and Γ = ker(θ). In the case X is a Riemann surface
both groups, Γ and Γ ′, are Fuchsian groups.
The order of G is upper bounded in function of the genus of X. So that if X is a Riemann
surface or X is an unbordered non-orientable Klein surface the maximal order of G is
84(g − 1) and 84(g − 2), respectively, where g is the topological genus of the surface.
A group G of automorphisms of a Riemann surface with maximal order is called a Hurwitz
group, or H -group. In the case of a non-orientable surface G is called an H ∗-group.
In this work we study the action of alternating groups An on unbordered either ori-
entable or non-orientable Klein surfaces. For large n general results (in general, non
constructive) have been obtained [3]. In particular, An is an H -group for each n > 168.
For small n the situation is very different because the results strongly depend on n. In [3]
the values of n for which An is a Hurwitz group are given. There are 101 different values
for n < 168. However suitable generators of G in such cases are not still known.
In order to study the non-orientable case we need to know the whole set of pairs of
generators of An and so we will obtain in Section 2 this set for the five first values, n =
15,21,22,28, and 29. Let us observe that An is an H ∗-group for n large enough, and in
fact only 80 values of n verify An not being an H ∗-group, see [4] where Conder deduces
this result from the method in [2].
In Section 3 we apply the results of Section 2 to decide if An is an H ∗-group. For that
we establish a procedure to check the existence of an element γ ∈ An such that γ and its
products with the obtained generators of An have order two. This procedure consists in
three steps related with fixed points of these permutations. We obtain that A15 and A28
have such a γ for a given pair of generators, and so they are H ∗-groups; unlikely γ does
not exist for any pair of generators of A21, A22, and A29. That way these three groups are
not H ∗-groups.
We now give the necessary preliminaries on Fuchsian and NEC groups and Riemann
surfaces.
An NEC group Γ is a discrete subgroup of isometries of the hyperbolic planeD, includ-
ing reversing-orientation elements, with compact quotient X =D/Γ . Each NEC group Γ
has associated a signature [7]:
σ(Γ ) = (g;±; [m1, . . . ,mr ],{(ni,1, . . . , ni,si ), i = 1, . . . , k}), (1.1)
where g, k, r,mi, ni,j are integers verifying g, k, r  0, mi  2, ni,j  2. The number g is
the topological genus of X. The sign determines the orientability of X. The numbers mi
are the proper periods corresponding to cone points in X. The brackets (ni,1, . . . , ni,si )
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components of X. Numbers ni,j are the periods of the period-cycle (ni,1, . . . , ni,si ) also
called link-periods, corresponding to corner points in the boundary of X.
The signature determines a presentation [12] of Γ :
Generators:
xi i = 1, . . . , r;
ei i = l, . . . , k;
ci,j i = 1, . . . , k, j = 0, . . . , si ;
ai, bi i = l, . . . , g (if σ has sign ‘+’);
di i = l, . . . , g (if σ has sign ‘−’).
Relations:
x
mi
i = 1; i = 1, . . . , r;
c2i,j−1 = c2i,j = (ci,j−1ci,j )ni,j = 1; i = 1, . . . , k; j = 1, . . . , si ;
e−1i ci,0eici,si = 1; i = 1, . . . , k;∏r
i=1 xi
∏k
i=1 ei
∏g
i=1
(
aibia
−1
i b
−1
i
)= 1 (if σ has sign ‘+’);∏r
i=1 xi
∏k
i=1 ei
∏g
i=1 d2i = 1 (if σ has sign ‘−’).
The isometries xi are elliptic, ei , ai , bi are hyperbolic, ci,j are reflections, and di are
glide reflections.
Every NEC group Γ with signature (1.1) has associated a fundamental region whose
area µ/(Γ ), called the area of the group, is
µ(Γ ) = 2π
(
ηg + k − 2 +
r∑
i=1
(
1 − 1
mi
)
+ 1
2
k∑
i=1
si∑
j=1
(
1 − 1
ni,j
))
, (1.2)
being η = 2 or 1 according to X is orientable or not. An NEC group with signature (1.1)
actually exists if and only if the right hand side of (1.2) is greater than 0.
If Γ is a subgroup of an NEC group Γ ′ of finite index N , then also Γ is an NEC group
and the following Riemann–Hurwitz formula holds:
µ(Γ ) = Nµ(Γ ′). (1.3)
Let X be a Klein surface of topological genus g with k boundary components. Then by
[9] there exists an NEC group Γ with signature:
σ(Γ ) = (g;±; [−],{(−), k. . . , (−)}),
such that X =D/Γ . An NEC group with this signature is called a surface group.
For each automorphism group G of a surface X =D/Γ of algebraic genus p  2 there
exists an NEC group Γ ′ such that G = Γ ′/Γ where Γ ⊂ Γ ′ ⊂ NG , [8], and NG denotes
the normalizer of Γ in the group G, the full group of isometries of D.
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elements which is called the canonical Fuchsian subgroup Γ +. Given Γ with signature
(1.1), the signature of F+ is [11]
(
p;+; [m1,m1,m2,m2, . . . ,mr ,mr,n11, n12, . . . , n1s1, . . . , nk1, . . . , nksk ], {−}
)
.
Let X be a Riemann surface with topological genus g  2. Then X = D/F where F is a
Fuchsian group with (NEC) signature
σ(F ) = (g;+; [−], {−}).
A finite group G of order N is an automorphism group of X if there exists a Fuchsian
group F ′ such that G ≈ F ′/F where the signature of F ′ must be
σ(F ′) = (g′;+; [m1, . . . ,mr ], {−}).
From the relation between areas we have
2g − 2 = N
(
2g′ − 2 +
r∑
i=1
(
1 − 1
mi
))
.
Because we are interested in the minimal genus of X in order to the alternating group
An be the automorphism group of X, we must look for Fuchsian groups F ′ with smallest
area. That is to say σ(F ′) = (0,+, [2,3,7], {−}) and o(G) = 84(g − 1).
2. Orientable surfaces
As we said above the alternating group An is a Hurwitz group for all n 168. Conder
gives in [3] the values of n < 168 for which also An is a Hurwitz group. We summarize
them in the following table:
15 21 22 28 29 35 36 37 42 43 45 49 50 51
52 56 57 58 63 64 65 66 70 71 72 73 77 78
79 80 81 84 85 86 86 88 91 92 93 94 96 98
99 100 101 102 105 106 107 108 109 112 113 114 115 116
117 119 120 121 122 123 124 126 127 128 129 130 132 133
134 135 136 137 138 140 141 142 143 144 145 147 148 149
150 151 152 153 154 155 156 157 158 159 160 161 162 163
164 165 166
In this section we obtain the pairs of generators of An for n = 15,21,22,28, and 29. We
are looking for two generators τ and σ such that τ 3 = σ 7 = (τσ )2 = 1. Let α = τσ . We
denote by e, f and g the number of fixed points of α, τ and σ , respectively. A necessary
condition is given in the following lemma (see [3]).
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(ατ)7 = 1, then there exists an integer number p  0 such that n = 84(p − 1) + 21e +
28f + 36g.
Let us denote as (n;p, e,f, g) these numbers. As a consequence we need to consider
the following cases:
(15;0,3,0,1), (2.1)
(21;1,1,0,0), (21;0,1,3,0), (21;0,5,0,0), (2.2)
(22;0,2,1,1), (2.3)
(28;1,0,1,0), (28;0,4,1,0), (28;0,0,4,0), (2.4)
(29;0,1,2,1). (2.5)
Let x ∈ {1, . . . , n} be a non fixed point of σ . We denote by x+ the element σ(x) and
by x−1 the element σ−1(x). We are going to study the 3-cycles of τ according to the fixed
points of σ , τ and α = τσ . Let us observe that there cannot be a common fixed point of
any two of them.
Lemma 2.2. The element x is a fixed point of τσ if and only if a cycle of type (x+, x, z)
appears in τ .
Proof. If x is a fixed point of τσ then x = τσ (x) = τ (x+), and hence a cycle (x+, x, z)
must appear in τ . Conversely, if there is such a cycle then x = τ (x+) = τ (σ (x)). So that x
is a fixed point of τσ . 
Lemma 2.3. The element x is a fixed point of τ if and only if a cycle of type (x+, x−1, z)
appears in τ .
Proof. If x is a fixed point of τ , then τσ (x−1) = τ (x) = x . Since τσ has order two,
x−1 = τσ (x) = τ (x+), and a cycle (x+, x−1, z) must appear in τ . Conversely, if there is
such a cycle, then τσ (x) = τ (x+) = x−1. As τσ has order two, x = τσ (x−1) = τ (x), and
hence x is a fixed point of τ . 
Lemma 2.4. The element x is a fixed point of σ if and only if a cycle of type (x, z, z+)
appears in σ .
Proof. If x is a fixed point of σ , then τσ (x) = τ (x). Denote this element by z. Because the
order of τσ is two, x = τσ (z) = τ (z+), and the cycle (x, z, z+) must appear. Conversely
if there exists such a cycle, then τσ (z) = τ (z+) = x . Since z = τσ (x) and also z = τ (x),
we conclude that σ(x) = x . 
Lemma 2.5. Let x , y be two elements what are not fixed points of σ . If a cycle as (x, y, z)
appears in τ , then a cycle of the type (y+, x−1,w) must appear in τ .
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cycle (y+, x−1,w) appears. 
For each n = 15,21,22,28,29, we obtain by an exhaustive process applying Lem-
mas 2.1–2.5 all possible pairs of permutations, σ and τ , such that α = τσ is of order 2.
We confirm by means of MAPLE if these permutations generate An or else a proper sub-
group of it. In the later case we give the algebraic structure of these Hurwitz groups. In this
process we have discarded pairs which are obviously equivalent via a trivial renumbering.
However some pairs given in the lists appear to be mutually equivalent too. In these cases
we have obtained what pairs are redundant.
Because the method is very long, we only explicitly show the case n = 15 and we sketch
the remain cases giving the list of solutions.
2.1. Group A15
Let σ = (1, . . . ,7)(8, . . . ,14)(15). We have seen in (2.1) that α has three fixed points
and τ has none. Since 15 cannot be a fixed point of α we have two possibilities:
(i) there are two fixed points of α in a 7-cycle and the third one in the other 7-cycle, or
(ii) the three fixed points are in the same 7-cycle.
Case 1
Without a loss of generality we may suppose that 1 and 8 are fixed points of a and the
third one is in the first 7-cycle. Now we study the different subcases. If 2 is fixed point,
from Lemma 2.2 the 3-cycles (3,2,1) and (9,8,−) must appear. From Lemma 2.4 the
cycle (4,7, a) appears too. Now, if a = 5 then 4 would be fixed point of α by Lemma 2.2.
If a = 6 then 6 would be fixed point of α by the same lemma. We conclude that a is in the
second 7-cycle. If a = 10 we have the following pair of permutations denoted by 1:
τ = (3,2,1)(4,7,10)(9,8,5)(11,6,14)(12,13,5),
α = (1)(2)(3,7)(4,9)(5,14)(6,10)(8)(11,13)(12,15).
If a = 11, 12, or 13, we have the 3-cycles (3,2,1), (9,8,−) in the three cases and
(4,7,11), (5,10,−), (12,6,−) or (4,7,12), (13,6,−), (5,11,−) or (4,7,13), (14,6,−),
(5,12,−), respectively. Let us observe that it is impossible to obtain a cycle in the form
(z, z+,15), what according to Lemma 2.4 must appear. If a = 14, we obtain the following
solution labelled 2:
τ = (3,2,1)(9,8,6)(4,7,14)(10,5,13)(11,12,15),
α = (1)(2)(3,7)(4,13)(5,9)(6,14)(8)(10,12)(11,15).
Repeating the argument, we may discard 3 or 4 as fixed points of α. Observe that the
points 5, 6, and 7 play the same role with respect to 1 that 4, 3, and 2, respectively. We
have finished with this case.
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The three fixed points of α are in the same 7-cycle. First of all, let us suppose that two
of them are consecutive. Say 1 and 2. The 3-cycles (3,2,1) and (4,7, a) must appear. If
a = 5, then 6 would be fixed point of τ ; and if a = 6, then 5 would be fixed point of τ .
So that a must be in the other 7-cycle. Take a = 8, and thus the cycles (3,2,1), (4,7,8),
(9,6,−) and (5,14,−) must appear. We observe that none of 3, 4, 5, 6, 7 may be the third
fixed point of α.
As a consequence there are no consecutive fixed points of α. We may so take the fixed
points to be 1, 3, and 5. We obtain so the cycles (2,1, a), (4,3,−), and (6,5,−). If a = 7,
then 7 would be a fixed point of α. Hence a is in the other 7-cycle. Let a = 8 and we obtain
the following solution 3:
τ = (2,1,8)(4,3,14)(6,5,13)(9,7,12)(10,11,15),
α = (1)(2,14)(3)(4,13)(5)(6,12)(7,8)(9,11)(10,15).
We have finished the search of possible pair of generators. In all three cases the group
〈σ, τ 〉 is A15.
As we said above the procedure for each n is analogous but too long. We only sketch
the different cases and give the pairs generating these Hurwitz groups.
2.2. Group A21
Let σ = (1, . . . ,7)(8, . . . ,14)(15, . . . ,21). From (2.2) we must distinguish three cases:
(i) α has one fixed point and τ has no one.
(ii) α has one fixed point and τ has three fixed points.
(iii) α has five fixed points and τ has no one.
Case 1
There is no solution and this way we obtain the following corollary.
Corollary 2.6. The conditions in Lemma 2.1 are necessary but not sufficient.
Case 2
We obtain the following pairs of generators:
1 τ = (1)(2,7,15)(4)(5,3,21)(8)(9,14,10)(16,6,20)(17,19,12)(11,13,18),
α = (1,7)(2,21)(3,4)(5,20)(6,15)(8,14)(9)(10,13)(11,17)(12,18)(16,19);
2 τ = (1)(2,7,15)(4)(5,3,21)(8)(9,14,13)(16,6,20)(17,19,11)(10,12,18),
α = (1,7)(2,21)(3,4)(5,20)(6,15)(8,14)(9,12)(10,17)(11,18)(13)(16,19);
3 τ = (1)(2,7,10)(8)(9,14,3)(15)(16,21,5)(11,6,20)(4,13,17)(12,19,18),
α = (1,7)(2,9)(3,13)(4,16)(5,20)(6,10)(8,14)(11,19)(12,17)(15,21)(18);
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α = (1,7)(2,9)(3,13)(4,19)(5,17)(6,10)(8,14)(11,16)(12,20)(15,21)(18);
5 τ = (1)(2,7,11)(8)(9,14,20)(15)(16,21,13)(12,6,17)(3,10,19)(18,5,4),
α = (1,7)(2,10)(3,18)(4)(5,17)(6,11)(8,14)(9,19)(12,16)(13,20)(15,21);
6 τ = (1)(2,7,12)(8)(9,14,17)(15)(16,21,10)(13,6,18)(3,11,20)(19,5,4),
α = (1,7)(2,11)(3,19)(4)(5,18)(6,12)(8,14)(9,16)(10,20)(13,17)(15,21);
7 τ = (1)(2,7,13)(8)(9,14,6)(15)(16,21,4)(10,5,20)(3,12,17)(11,19,18),
α = (1,7)(2,12)(3,16)(4,20)(5,9)(6,13)(8,14)(10,19)(11,17)(15,21)(18);
8 τ = (1)(2,7,13)(8)(9,14,6)(15)(16,21,11)(10,5,17)(3,12,20)(4,19,18),
α = (1,7)(2,12)(3,19)(4,17)(5,9)(6,13)(8,14)(10,16)(11,20)(15,21)(18).
All of them generate A21.
The equivalence question
We must now check whether some of these pairs are mutually equivalent, as we previ-
ously indicated. The pattern of fixed points of α and τ states if it is possible or not that two
pairs are equivalent.
We develop the method for this group and we shall give the corresponding result in
forthcoming ones without so much details.
In the above cases 1 and 2 the fixed points of τ are 1, 4, and 8, whilst in cases 3 to 8 they
are 1, 8, and 15. Let us observe that in former cases there appear two fixed points in the
same 7-cycle and in the latter ones all three are in different 7-cycles. So that the elements
in each set are inequivalent with those of the other set.
First we consider the cases 1 and 2. In case 1 the fixed point of α is 9 and in case 2 the
fixed point is 13. Because 9 is the image by σ of a fixed point of τ , and 13 is not, the pairs
1 and 2 are mutually inequivalent.
To deal with the remaining pairs it is useful to introduce the following notation. We
denote by C1 the cycle (1, . . . ,7), by C2 the cycle (8, . . . ,14) and so on.
It is easy to check that case 3 becomes case 4 permuting C1 with C2 and 4 becomes 6
permuting C1 with C3:
3 τ = (1)(2,7,10)(8)(9,14,3)(15)(16,21,5)(11,6,20)(4,13,17)(12,19,18)
↓
4 (8)(9,14,3)(1)(2,7,10)(15)(16,21,12)(4,13,20)(11,6,17)(5,19,18)
↓
6 (8)(9,14,17)(15)(16,21,10)(1)(2,7,12)(18,13,6)(11,20,3)(19,5,4)
and analogously for the permutations α’s.
By interchanging C1 and C2, 7 becomes 8 and interchanging C1 and C3 the pair 8
becomes 5. Finally, we prove that elements in both triples are pairwise different. Let us
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They are 19 and 5, respectively. Then the 7-cycle C2 must be unchanged or must be-
come C3. In particular, the element 12 must be transformed in 12 or 19. However, the
3-cycle (12,19,18) in 3 is transformed in the cycle (18,5,4) in the case 5. Hence 3 and 5
may not be equivalent.
So that there are four relevant pairs, namely 1, 2, 3, and 5.
Case 3
Finally, for this case no suitable pair generates A21. Nevertheless we obtain two sub-
groups of A21 which are also Hurwitz groups. We give their respective pair of generators,
order and algebraic structure:
9 τ = (3,2,1)(4,7,8)(9,6,15)(5,14,16)(17,13,18)(10,21,11)(12,20,19),
α = (1)(2)(3,7)(4,14)(5,15)(6,8)(9,21)(10)(11,20)(12,18)(13,16)(17)(19);
10 τ = (3,2,1)(4,7,8)(9,6,15)(5,14,16)(17,13,18)(10,21,20)(11,19,12),
α = (1)(2)(3,7)(4,14)(5,15)(6,8)(9,21)(10,19)(11)(12,18)(13,16)(17)(20).
The pair labelled 9 generates a group of order 2939328, which is an extension of an
elementary Abelian group of order 37 by the Hurwitz group H of order 1344; H being an
extension by PSL(2,7) of an elementary Abelian group of order 23, see [5].
The other pair generates a group of order 168 which is thus PSL(2,7). This can also be
checked realizing that [α, τ ] has order 4 and hence the group is a quotient of (2,3,7;4)
which is isomorphic to PSL(2,7), [6].
2.3. Group A22
Let σ = (1, . . . ,7)(8, . . . ,14)(15, . . . ,21)(22). According to (2.3), we have a single
case:
(i) α has two fixed points and τ has one.
We obtain the following pairs of permutations:
1 τ = (1)(2,7,3)(4,6,8)(9,5,14)(10,13,15)(16,12,17)(11,21,18)(19,20,22),
α = (1,7)(2)(3,6)(4,14)(5,8)(9,13)(10,21)(11,17)(12,15)(16)(18,20)(19,22);
2 τ = (1)(2,7,3)(4,6,8)(9,5,14)(10,13,15)(16,12,19)(11,21,20)(17,18,22),
α = (1,7)(2)(3,6)(4,14)(5,8)(9,13)(10,21)(11,19)(12,15)(16,18)(17,22)(20);
3 τ = (1)(2,7,6)(3,5,8)(9,4,14)(10,13,15)(16,12,17)(11,21,18)(19,20,22),
α = (1,7)(2,5)(3,14)(4,8)(6)(9,13)(10,21)(11,17)(12,15)(16)(18,20)(19,22);
4 τ = (1)(2,7,6)(3,5,8)(9,4,14)(10,13,15)(16,12,19)(11,21,20)(17,18,22),
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5 τ = (1)(2,7,8)(9,6,5)(3,14,15)(10,4,21)(16,13,12)(11,20,17)(18,19,22),
α = (1,7)(2,14)(3,21)(4,9)(5)(6,8)(10,20)(11,16)(12)(13,15)(17,19)(18,22);
6 τ = (1)(2,7,8)(9,6,5)(3,14,15)(10,4,21)(16,13,19)(11,20,12)(17,18,22),
α = (1,7)(2,14)(3,21)(4,9)(5)(6,8)(10,20)(11)(12,19)(13,15)(16,18)(17,22);
7 τ = (1)(2,7,8)(9,6,10)(3,14,15)(11,5,17)(16,13,12)(4,21,18)(19,20,22),
α = (1,7)(2,14)(3,21)(4,17)(5,10)(6,8)(9)(11,16)(12)(13,15)(18,20)(19,22);
8 τ = (1)(2,7,8)(9,6,12)(3,14,15)(13,5,16)(10,11,22)(4,21,17)(20,19,18),
α = (1,7)(2,14)(3,21)(4,16)(5,12)(6,8)(9,11)(10,22)(13,15)(17,20)(18)(19).
All of them generate A22 and they are pairwise inequivalent pairs.
2.4. Group A28
Let σ = (1, . . . ,7)(8, . . . ,14)(15, . . . ,21)(22, . . . ,28), that has no fixed point. From
(2.4) we have three cases to consider:
(i) α has no fixed point and τ has one single fixed point.
(ii) α has four fixed points and τ has one single fixed point.
(iii) α has no fixed point and τ has four fixed points.
We obtain the following pairs according to respective cases.
Case 1
1 τ = (1)(2,7,8)(9,6,15)(3,14,22)(16,15,11)(10,21,17)(23,13,27)
(4,28,12)(18,20,25)(24,26,19),
α = (1,7)(2,14)(3,28)(4,11)(5,15)(6,8)(9,21)(10,16)(12,27)(13,22)
(17,20)(18,24)(19,25)(23,26).
This pair generates a group of order 9828, which is PSL(2,27), see [5].
Case 2
2 τ = (3,2,1)(10,9,8)(4,7,15)(11,14,18)(16,6,22)(5,21,23)(19,13,27)
(12,17,28)(24,20,26)(25),
α = (1)(2)(3,7)(4,21)(5,22)(6,15)(8)(9)(10,14)(11,17)(12,27)(13,18)
(16,28)(19,26)(20,23)(24,25);
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(12,18,25)(17,28,26)(27),
α = (1)(2)(3,7)(4,21)(5,22)(6,15)(8)(9)(10,14)(11,18)(12,24)(13,19)
(16,28)(17,25)(20,23)(26,27);
4 τ = (2,1,15)(5,4,22)(9,8,18)(11,10,17)(16,7,12)(3,21,23)(6,28,13),
(24,20,26)(19,14,27)(25),
α = (1)(2,21)(3,22)(4)(5,28)(6,12)(7,15)(8)(9,17)(10)(11,16)(13,27)
(14,18)(19,26)(20,23)(24,25);
5 τ = (2,1,15)(5,4,22)(9,8,27)(11,10,26)(16,7,13)(3,21,23)(6,28,14)
(24,20,18)(12,25,17)(19),
α = (1)(2,21)(3,22)(4)(5,28)(6,13)(7,15)(8)(9,26)(10)(11,25)(12,16)
(14,27)(17,24)(18,19)(20,23);
6 τ = (3,2,1)(4,7,11)(9,8,22)(16,15,25)(12,6,27)(5,10,28)(23,14,20)
(13,26,21)(17,24,19)(18),
α = (1)(2)(3,7)(4,10)(5,27)(6,11)(8)(9,28)(12,26)(13,20)(14,22)(15)
(16,24)(17,18)(19,23)(21,25);
7 τ = (3,2,1)(4,7,13)(9,8,22)(16,15,26)(14,6,23)(5,12,24)(10,28,18)
(25,11,17)(27,21,19)(20),
α = (1)(2)(3,7)(4,12)(5,23)(6,13)(8)(9,28)(10,17)(11,24)
(14,22)(15)(16,25)(18,27)(19,20)(21,26);
8 τ = (3,2,1)(4,7,22)(9,8,18)(16,15,27)(23,6,20)(5,28,21)(19,14,24)
(10,17,26)(25,13,11)(12),
α = (1)(2)(3,7)(4,28)(5,20)(6,22)(8)(9,17)(10,25)(11,12)
(13,24)(14,18)(15)(16,26)(19,23)(21,27);
9 τ = (3,2,1)(4,7,22)(9,8,20)(16,15,24)(23,6,17)(5,28,18)(21,14,25)
(10,19,27)(11,26,13)(12),
α = (1)(2)(3,7)(4,28)(5,17)(6,22)(8)(9,19)(10,26)(11,12)(13,25)
(14,20)(15)(16,23)(18,27)(21,24);
10 τ = (3,2,1)(4,7,22)(9,8,24)(16,15,13)(23,6,10)(5,28,11)(25,14,21)
(12,27,17)(26,20,18)(19),
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(13,21)(14,24)(15)(17,26)(18,19)(20,25);
11 τ = (3,2,1)(4,7,22)(9,8,27)(16,15,11)(23,6,13)(5,28,14)(10,26,17)
(24,12,21)(18,25,20)(19),
α = (1)(2)(3,7)(4,28)(5,13)(6,22)(8)(9,26)(10,16)(11,21)
(12,23)(14,27)(15)(17,25)(18,19)(20,24);
12 τ = (2,1,11)(4,3,10)(9,8,5)(16,15,18)(12,7,22)(6,14,23)(17)
(19,21,26)(13,28,24)(25,27,20),
α = (1)(2,10)(3)(4,9)(5,14)(6,22)(7,11)(8)(12,28)(13,23)
(15)(16,17)(18,21)(19,25)(20,26)(24,27);
13 τ = (2,1,12)(4,3,11)(9,8,19)(16,15,22)(13,7,27)(5,10,18)(20,14,26)
(6,17,28)(23,21,25)(24),
α = (1)(2,11)(3)(4,10)(5,17)(6,27)(7,12)(8)(9,18)(13,26)
(14,19)(15)(16,28)(20,25)(21,22)(23,24);
14 τ = (2,1,13)(4,3,12)(9,8,19)(16,15,22)(14,7,20)(5,11,24)(10,18,25)
(21,6,23)(17,28,26)(27),
α = (1)(2,12)(3)(4,11)(5,23)(6,20)(7,13)(8)(9,18)(10,24)
(14,19)(15)(16,28)(17,25)(21,22)(26,27);
15 τ = (2,1,14)(4,3,13)(9,8,7)(16,15,20)(5,12,22)(10,6,28)(21)
(17,19,25)(23,11,27)(24,26,18),
α = (1)(2,13)(3)(4,12)(5,28)(6,9)(7,14)(8)(10,27)(11,22)
(15)(16,19)(17,24)(18,25)(20,21)(23,26);
16 τ = (2,1,22)(4,3,28)(9,8,25)(16,15,6)(23,7,21)(5,27,17)(26,14,18)
(10,24,20)(19,13,11)(12),
α = (1)(2,28)(3)(4,27)(5,16)(6,21)(7,22)(8)(9,24)(10,19)(11,12)(13,18)
(14,25)(15)(17,26)(20,23);
17 τ = (2,1,11)(5,4,18)(9,8,20)(16,15,22)(12,7,27)(3,10,19)(6,17,28)
(21,14,23)(13,26,24)(25),
α = (1)(2,10)(3,18)(4)(5,17)(6,27)(7,11)(8)(9,19)(12,26)
(13,23)(14,20)(15)(16,28)(21,22)(24,25);
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(24,10,20)(19,27,25)(26),
α = (1)(2,11)(3,22)(4)(5,28)(6,17)(7,12)(8)(9,20)(10,23)
(13,16)(14,21)(15)(18,27)(19,24)(25,26);
19 τ = (2,1,13)(5,4,20)(9,8,22)(16,15,11)(14,7,23)(3,12,21)(6,19,24)
(17,10,28)(25,18,27)(26),
α = (1)(2,12)(3,20)(4)(5,19)(6,23)(7,13)(8)(9,28)(10,16)
(11,21)(14,22)(15)(17,27)(18,24)(25,26);
20 τ = (2,1,22)(5,4,10)(9,8,6)(16,15,25)(23,7,14)(3,28,11)(24,13,17)
(12,27,18)(26,21,19)(20),
α = (1)(2,28)(3,10)(4)(5,9)(6,14)(7,22)(8)(11,27)(12,17)
(13,23)(15)(16,24)(18,26)(19,20)(21,25);
21 τ = (2,1,22)(5,4,12)(9,8,17)(16,15,10)(23,7,20)(3,28,13)(14,27,18)
(6,11,21)(19,26,24)(25),
α = (1)(2,28)(3,12)(4)(5,11)(6,20)(7,22)(8)(9,16)(10,21)
(13,27)(14,17)(15)(18,26)(19,23)(24,25);
22 τ = (2,1,22)(5,4,17)(9,8,25)(16,15,8)(23,7,21)(3,28,18)(19,27,11)
(24,20,10)(26,14,12)(13),
α = (1)(2,28)(3,17)(4)(5,16)(6,21)(7,22)(8)(9,24)(10,19)
(11,26)(12,13)(14,25)(15)(18,27)(20,23);
23 τ = (2,1,22)(5,4,19)(9,8,17)(16,15,10)(23,7,13)(3,28,20)(21,27,11)
(6,18,14)(24,12,26)(25),
α = (1)(2,28)(3,19)(4)(5,18)(6,13)(7,22)(8)(9,16)(10,21)
(11,26)(12,23)(14,17)(15)(20,27)(24,25).
All these pairs generate A28. We deal with the equivalence problem among these pairs.
Studying the pattern of fixed points we observe which pairs may be equivalent. We must
check cases 2 and 3; 4 and 5; 6 to 11; 12 to 16, and 17 to 23.
There are four equivalent pairs of cases: 2 and 3; 8 and 11; 20 and 22, and 21 and 23.
To realize the equivalence in the three last cases it suffices to change C2 and C3. The first
case is a little more involved and we explain it carefully since this situation appears also in
the next group.
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cycle we perform an internal cyclic permutation:
(15,16,17,18,19,20,21)→ (19,20,21,15,16,17,18).
Since this operation moves 15 into 19 = 15 + 4, we denote it by φ4(C3). Finally, with
this notation we perform φ2(C4) and the final result is that pair 2 has become 3. As a
consequence there are 18 inequivalent pairs in the above list and we can drop 3, 11, 22,
and 23.
There appear other pairs which generate proper subgroups of A28 which are also Hur-
witz. Here we give one pair for each of them as well as their order and algebraic structure,
see [5]:
24 τ = (2,1,15)(4,3,21)(10,9,8)(11,14,18)(16,7,22)(5,20,26)(19,13,27)
(12,17,28)(23,6,25)(24),
α = (1)(2,21)(3)(4,20)(5,25)(6,22)(7,15)(8)(9)(10,14)(11,17)(12,27)
(13,18)(16,28)(19,26)(23,24);
25 τ = (3,2,1)(4,7,11)(9,8,22)(16,15,24)(12,6,27)(5,10,28)(23,14,17)
(13,26,18)(25,21,19)(20),
α = (1)(2)(3,7)(4,10)(5,27)(6,11)(8)(9,28)(12,26)(13,17)(14,22)(15)
(16,23)(18,25)(19,20)(21,24);
26 τ = (2,1,11)(4,3,10)(9,8,5)(16,15,20)(12,7,22)(6,14,23)(21)
(17,19,26)(13,28,24)(25,27,18),
α = (1)(2,10)(3)(4,9)(5,14)(6,22)(7,11)(8)(12,28)(13,23)
(15)(16,19)(17,25)(18,26)(20,21)(24,27);
27 τ = (2,1,22)(4,3,28)(9,8,6)(16,15,12)(23,7,14)(5,27,10)(24,13,21)
(11,26,17)(25,20,18)(19),
α = (1)(2,28)(3)(4,27)(5,9)(6,14)(7,22)(8)(10,26)(11,16)
(12,21)(13,23)(15)(17,25)(18,19)(20,24).
These pairs generate respectively the following groups:
PSL(2,8) of order 504.
A group of order 48157949952 which is an extension of an elementary Abelian group
of order 214 by an extension of an elementary Abelian group of order 37 by the Hurwitz
group of order 1344 (see the following group).
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group of order 23.
PSL(2,7) of order 168.
Case 3
In this case A28 is never obtained but two subgroups appear and we give for both a pair
of generators, the order and the algebraic structure:
28 τ = (2,7,15)(5,3,21)(9,14,22)(12,10,28)(16,6,20)(17,19,25)(23,13,27)
(24,26,18),
α = (1,7)(2,21)(3,4)(5,20)(6,15)(8,14)(9,28)(10,11)(12,27)(13,22)
(16,19)(17,24)(18,25)(23,26);
29 τ = (2,7,10)(9,14,3)(16,21,24)(23,28,17)(11,6,19)(4,13,26)(20,5,25)
(12,18,27),
α = (1,7)(2,9)(3,13)(4,25)(5,19)(6,10)(8,14)(11,18)(12,26)(15,21)
(16,23)(17,27)(20,24)(22,28).
The first generated group is PSL(2,13) of order 1092, and the other one is the Hurwitz
group of order 1344 above described.
2.5. Group A29
Let σ = (1, . . . ,7)(8, . . . ,14)(15, . . . ,21)(22, . . . ,28)(29). By (2.5) we have a unique
case in this group:
(i) α has one fixed point and τ has two fixed points.
We obtain the following pairs:
1 τ = (1)(8)(2,7,3)(9,14,15)(4,6,22)(16,13,19)(10,21,25)(23,5,28)
(24,27,11)(20,12,26)(17,18,29),
α = (1,7)(2)(3,6)(4,28)(5,22)(8,14)(9,21)(10,24)(11,26)(12,19)
(13,15)(16,18)(17,29)(20,25)(23,27);
2 τ = (1)(8)(2,7,3)(9,14,15)(4,6,22)(16,13,26)(10,21,18)(23,5,28)
(24,27,12)(25,11,17)(19,20,29),
α = (1,7)(2)(3,6)(4,28)(5,22)(8,14)(9,21)(10,17)(11,24)(12,26)
(13,15)(16,25)(18,20)(19,29)(23,27);
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(24,27,11)(20,12,26)(17,18,29),
α = (1,7)(2,5)(3,28)(4,22)(6)(8,14)(9,21)(10,24)(11,26)(12,19)
(13,15)(16,18)(17,29)(20,25)(23,27);
4 τ = (1)(8)(2,7,6)(9,14,15)(3,5,22)(16,13,26)(10,21,18)(23,4,28)
(24,27,12)(25,11,17)(19,20,29),
α = (1,7)(2,5)(3,28)(4,22)(6)(8,14)(9,21)(10,17)(11,24)(12,26)
(13,15)(16,25)(18,20)(19,29)(23,27);
5 τ = (1)(8)(2,7,11)(9,14,15)(12,6,22)(3,10,21)(16,13,28)(4,20,19)
(23,5,18)(17,27,24)(25,26,29),
α = (1,7)(2,10)(3,20)(4,18)(5,22)(6,11)(8,14)(9,21)(12,28)(13,15)
(16,27)(17,23)(19)(24,26)(25,29);
6 τ = (1)(8)(2,7,12)(9,14,15)(13,6,16)(3,11,22)(17,5,18)(10,21,23)
(24,20,27)(4,28,19)(25,26,29),
α = (1,7)(2,11)(3,28)(4,18)(5,16)(6,12)(8,14)(9,21)(10,22)(13,15)
(17)(19,27)(20,23)(24,26)(25,29);
7 τ = (1)(8)(2,7,15)(9,14,4)(16,6,22)(3,21,10)(5,13,23)(11,20,19)
(24,12,18)(17,28,25)(26,27,29),
α = (1,7)(2,21)(3,9)(4,13)(5,22)(6,15)(8,14)(10,20)(11,18)(12,23)
(16,28)(17,24)(19)(25,27)(26,29);
8 τ = (1)(8)(2,7,15)(9,14,5)(16,6,13)(3,21,22)(17,12,18)(10,4,28)
(23,20,26)(11,27,19)(24,25,29),
α = (1,7)(2,21)(3,28)(4,9)(5,13)(6,15)(8,14)(10,27)(11,18)(12,16)
(17)(19,26)(20,22)(23,25)(24,29);
9 τ = (1)(8)(2,7,15)(9,14,10)(16,6,19)(3,21,22)(11,13,26)(20,5,23)
(17,18,29)(24,4,28)(25,27,12),
α = (1,7)(2,21)(3,28)(4,23)(5,19)(6,15)(8,14)(9)(10,13)(11,25)
(12,26)(16,18)(17,29)(20,22)(24,27);
10 τ = (1)(8)(2,7,15)(9,14,10)(16,6,22)(3,21,18)(11,13,25)(23,5,27)
(17,28,4)(19,20,29)(24,26,12),
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(12,25)(16,28)(18,20)(19,29)(23,26);
11 τ = (1)(8)(2,7,15)(9,14,13)(16,6,19)(3,21,22)(10,12,26)(17,18,29)
(20,5,23)(24,4,28)(25,27,11),
α = (1,7)(2,21)(3,28)(4,23)(5,19)(6,15)(8,14)(9,12)(10,25)(11,26)
(13)(16,18)(17,29)(20,22)(24,27);
12 τ = (1)(8)(2,7,15)(9,14,13)(16,6,22)(3,21,18)(10,12,25)(23,5,27)
(17,28,4)(19,20,29)(24,26,11),
α = (1,7)(2,21)(3,17)(4,27)(5,22)(6,15)(8,14)(9,12)(10,24)(11,25)
(13)(16,28)(18,20)(19,29)(23,26);
13 τ = (1)(8)(2,7,15)(9,14,17)(16,6,10)(3,21,20)(18,13,22)(11,5,27)
(4,19,28)(23,12,26)(24,25,29),
α = (1,7)(2,21)(3,19)(4,27)(5,10)(6,15)(8,14)(9,16)(11,26)(12,22)
(13,17)(18,28)(20)(23,25)(24,29);
14 τ = (1)(8)(2,7,15)(9,14,17)(16,6,10)(3,21,22)(18,13,19)(11,5,24)
(23,20,12)(4,28,25)(26,27,29),
α = (1,7)(2,21)(3,28)(4,24)(5,10)(6,15)(8,14)(9,16)(11,23)(12,19)
(13,17)(18)(20,22)(25,27)(26,29);
15 τ = (1)(8)(2,7,15)(9,14,18)(16,6,22)(3,21,12)(19,13,20)(10,17,28)
(23,5,26)(11,27,4)(24,25,29),
α = (1,7)(2,21)(3,11)(4,26)(5,22)(6,15)(8,14)(9,17)(10,27)(12,20)
(13,18)(16,28)(19)(23,25)(24,29);
16 τ = (1)(8)(2,7,15)(9,14,18)(16,6,22)(3,21,20)(19,13,4)(10,17,28)
(23,5,12)(11,27,24)(25,26,29),
α = (1,7)(2,21)(3,19)(4,12)(5,22)(6,15)(8,14)(9,17)(10,27)(11,23)
(13,18)(16,28)(20)(24,26)(25,29);
17 τ = (1)(8)(2,7,15)(9,14,19)(16,6,11)(3,21,22)(20,13,23)(10,18,17)
(12,5,24)(25,4,28)(26,27,29),
α = (1,7)(2,21)(3,28)(4,24)(5,11)(6,15)(8,14)(9,18)(10,16)(12,23)
(13,19)(17)(20,22)(25,27)(26,29);
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(11,4,28)(24,12,27)(25,26,29),
α = (1,7)(2,21)(3,28)(4,10)(5,17)(6,15)(8,14)(9,18)(11,27)(12,23)
(13,19)(16)(20,22)(24,26)(25,29);
19 τ = (1)(8)(2,7,15)(9,14,20)(16,6,17)(3,21,13)(4,12,22)(10,19,27)
(18,5,28)(23,11,26)(24,25,29),
α = (1,7)(2,21)(3,12)(4,28)(5,17)(6,15)(8,14)(9,19)(10,26)(11,22)
(13,20)(16)(18,27)(23,25)(24,29);
20 τ = (1)(8)(2,7,15)(9,14,20)(16,6,22)(3,21,13)(4,12,27)(10,19,18)
(23,5,26)(17,28,11)(24,25,29),
α = (1,7)(2,21)(3,12)(4,26)(5,22)(6,15)(8,14)(9,19)(10,17)(11,27)
(13,20)(16,28)(18)(23,25)(24,29);
21 τ = (1)(8)(2,7,15)(9,14,22)(16,6,5)(3,21,12)(23,13,20)(10,28,18)
(17,4,11)(24,19,27)(25,26,29),
α = (1,7)(2,21)(3,11)(4,16)(5)(6,15)(8,14)(9,28)(10,17)(12,20)
(13,22)(18,27)(19,23)(24,26)(25,29);
22 τ = (1)(8)(2,7,15)(9,14,22)(16,6,11)(3,21,4)(23,13,19)(10,28,17)
(12,5,20)(18,27,24)(25,26,29),
α = (1,7)(2,21)(3)(4,20)(5,11)(6,15)(8,14)(9,28)(10,16)(12,19)
(13,22)(17,27)(18,23)(24,26)(25,29);
23 τ = (1)(8)(2,7,15)(9,14,22)(16,6,26)(3,21,24)(23,13,4)(10,28,11)
(27,5,12)(17,25,20)(18,19,29),
α = (1,7)(2,21)(3,23)(4,12)(5,26)(6,15)(8,14)(9,28)(10)(11,27)
(13,22)(16,25)(17,19)(18,29)(20,24);
24 τ = (1)(8)(2,7,15)(9,14,22)(16,6,27)(3,21,25)(23,13,12)(10,28,5)
(11,4,24)(17,26,20)(18,19,29),
α = (1,7)(2,21)(3,24)(4,10)(5,27)(6,15)(8,14)(9,28)(11,23)(12)
(13,22)(16,26)(17,19)(18,29)(20,25).
All of them generate A29 and each one is equivalent to just another one. To see that it is
necessary to permute C1 with C2 in all cases and do the following additional operations:
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5 and 7 φ1(C4)
6 and 8 φ6(C4)
1 and 9 φ4(C4)
2 and 10 φ3(C4)
3 and 11 φ4(C4)
4 and 12 φ3(C4)
16 and 17 φ4(C3) and φ1(C4)
15 and 18 φ4(C3) and φ1(C4)
14 and 19 φ5(C3) and φ5(C4)
13 and 20 φ5(C3)
22 and 23 Permute C3 with C4
21 and 24 Permute C3 with C4
As a consequence there are twelve relevant cases, namely 1 to 6, 13 to 16, 21 and 22.
3. Non-orientable surfaces
In [10] Singerman determined the maximal order of automorphism groups of non-
orientable unbordered Klein surfaces by means of their associated Riemann surfaces.
A finite group G is an automorphism group of D/Γ if and only if there exists an NEC
group Γ ′ and an epimorphism θ :Γ ′ → G with Γ = ker(θ) and such that θ(Γ ′+) = G.
Once again obtaining the minimal genus surface requires to find the NEC group Γ ′ with
minimal area, and this is the group with signature(
0;+; [−],{(2,3,7)}),
which has the following presentation:〈
c1, c2, c3
∣∣ c21 = c22 = c23 = (c1c2)2 = (c2c3)3 = (c1c3)7 = 1〉,
whereas its canonical Fuchsian subgroup has presentation〈
x1, x2
∣∣ x21 = x32 = (x1x2)7 = 1〉.
Hence G attains the upper bound of orders of groups of automorphisms of non-
orientable unbordered Klein surfaces of genus g, if it admits three generators x , y , z
satisfying x2 = y2 = z2 = (xy)2 = (yz)3 = (xz)7 = 1, and such that 〈xy, yz〉 = G. These
groups are called H ∗-groups. But then G is a Hurwitz group generated by xy and yz and
containing the element x , such that
x2 = (x(xy))2 = (x(yz))2 = 1.
Let us call xy = α, yz = β , x = γ , and keep in mind that o(α) = 2, o(β) = 3,
o(βα) = 7, o(γ ) = 2, o(γ α) = 2, and o(γβ) = 2.
We settle a general procedure to handle this question.
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Denote by Fix(ρ) the set of fixed points of a permutation ρ. Let us suppose that i is a
fixed point of α: α(i) = i , γ (i) = j . Since o(γ ) = 2, then γ (j) = i , so that γα(i) = γ (i) =
j and so γα(j) = i . Thus α(j) = j , and so we have γ (Fix(α)) = Fix(α). Analogously
γ (Fix(β)) = Fix(β).
Second step
Let (i, j, k) be a cycle of β . Let us suppose γ (i) = m. Then let (m,p,q) be the cor-
responding cycle of β . We have γβ(k) = γ (i) = m and so γβ(m) = γ (p) = k. Then
γ (k) = p and finally γβ(q) = γ (m) = i , whence γβ(i) = γ (j) = q . So the γ -image of i
determines those of j and k.
Third step
Let (i, j) be a cycle of α. If γ (i) = m and γ (m) = i , we have γα(i) = γ (j) = k and
then γα(k) = i . So α(k) = m. This way the γ -images of i and j are the elements of another
transposition of α.
In Section 2 we have obtained all possible pairs of generators σ and τ satisfying
o(σ) = 7, o(τ) = 3, o(τσ) = 2. Evidently any two of the permutations σ , τ , τσ gener-
ate the corresponding group An. Let us denote as α the element of order 2, and as β the
element of order 3. Then βα has order 7 and 〈α,β〉 is An. Then we deal with the existence
of γ , such that o(γ ) = o(γ α) = o(γβ) = 2.
We apply this procedure to the five considered groups.
3.1. Group A15
Let us take the labelled pair 3:
α = (1)(2,14)(3)(4,13)(5)(6,12)(7,8)(9,11)(10,15),
β = (2,1,8)(4,3,14)(6,5,13)(9,7,12)(10,11,15),
and let γ = (1,5)(2,13)(3)(4,14)(6,8)(7,12)(9)(10,15)(11). Then
γα = (1,5)(2,4)(3)(6,7)(8,12)(9,11)(10)(13,14)(15),
γβ = (1,6)(2,5)(3,4)(7)(8,13)(9,12)(10,11)(14)(15),
and as a consequence A15 is an H ∗-group.
3.2. Group A21
We are going to prove that for each relevant pair of generators obtained for this group,
there is not the element γ satisfying the required conditions. To do that we apply directly
the three steps of the procedure described above.
In each case α has a unique fixed point which should be thus a fixed point of γ :
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2 γ (13) = 13 ⇒ γ (9) = 14 ⇒ γ (8) = 12, false.
3 γ (4) = 4 ⇒ γ (5) = 18 ⇒ γ (17) = 3 ⇒ γ (12) = 19 ⇒ γ (16) = 9
⇒ γ (13) = 14 ⇒ γ (8) = 20, false.
5 γ (18) = 18 ⇒ γ (11) = 19 ⇒ γ (10) = 17 ⇒ γ (12) = 5 ⇒ γ (2) = 9
⇒ γ (13) = 14 and γ (7) = 6 ⇒ γ (13) = 1, false.
Hence A21 is not an H ∗-group.
3.3. Group A22
In this case we have obtained eight pairs of generators. In all of them β has a unique
fixed point, namely 1, hence γ (1) = 1. We study now if there exists such an element γ :
1 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (2) = 3, false.
2 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (2) = 3, false.
3 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (6) = 2, false.
4 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (6) = 2, false.
5 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (2) = 8 ⇒ γ (14) = 6 ⇒ γ (5) = 3, false.
6 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (2) = 8 ⇒ γ (14) = 6 ⇒ γ (5) = 3, false.
7 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (2) = 8 ⇒ γ (14) = 6 ⇒ γ (15) = 9, false.
8 γ (1) = 1 ⇒ γ (7) = 7 ⇒ γ (2) = 8 ⇒ γ (14) = 6 ⇒ γ (15) = 9
and γ (3) = 12 ⇒ γ (21) = 5 and γ (11) = 13 ⇒ γ (10) = 5, false.
Hence A22 is not an H ∗-group.
3.4. Group A28
Let us take the labelled pair 16:
α = (1)(2,28)(3)(4,27)(5,16)(6,21)(7,22)(8)(9,24)(10,19)(11,12)(13,18)
(14,25)(15)(17,26)(20,23),
β = (2,1,22)(4,3,28)(9,8,25)(16,15,6)(23,7,21)(5,27,17)(26,14,18)
(10,24,20)(19,13,11)(12).
Let
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(14,24)(15)(17,23)(20,26)
and then
γα = (1,3)(2)(4,7)(5,6)(8)(9,14)(10,13)(11,12)(15)(16,21)(17,20)(18,19)
(22,27)(23,26)(24,25)(28),
γβ = (1,28)(2,4)(3,22)(5,23)(6,15)(7,17)(8,25)(9)(10,26)(11,19)(12)(13)
(14,20)(16)(18,24)(21,27).
Hence A28 is an H ∗-group.
3.5. Group A29
In this case we have obtained twelve relevant pairs of generators. In all of them α has a
unique fixed point and so this should be a fixed point of γ . We apply the above procedure
in order to determine if there exists γ .
1 γ (2) = 2 ⇒ γ (3) = 7 ⇒ γ (1) = 6, false.
2 γ (2) = 2 ⇒ γ (3) = 7 ⇒ γ (1) = 6, false.
3 γ (6) = 6 ⇒ γ (2) = 7 ⇒ γ (1) = 5, false.
4 γ (6) = 6 ⇒ γ (2) = 7 ⇒ γ (1) = 5, false.
5 γ (19) = 19 ⇒ γ (4) = 20 ⇒ γ (3) = 18 ⇒ γ (10) = 5 ⇒ γ (2) = 22
⇒ γ (6) = 7 ⇒ γ (1) = 11, false.
6 γ (17) = 17 ⇒ γ (5) = 18 ⇒ γ (4) = 16 ⇒ γ (28) = 6 ⇒ γ (8) = 12
⇒ γ (11) = 7 ⇒ γ (1) = 2, false.
13 γ (20) = 20 ⇒ γ (3) = 21 ⇒ γ (2) = 19 ⇒ γ (7) = 4 ⇒ γ (1) = 27, false.
14 γ (18) = 18 ⇒ γ (13) = 19 ⇒ γ (12) = 17 ⇒ γ (14) = 23 ⇒ γ (8) = 11, false.
15 γ (19) = 19 ⇒ γ (13) = 20 ⇒ γ (12) = 18 ⇒ γ (3) = 14 ⇒ γ (8) = 11, false.
16 γ (20) = 20 ⇒ γ (3) = 21 ⇒ γ (2) = 19 ⇒ γ (4) = 7 ⇒ γ (1) = 12, false.
21 γ (5) = 5 ⇒ γ (6) = 16 ⇒ γ (4) = 15 ⇒ γ (7) = 11 ⇒ γ (1) = 31, false.
22 γ (3) = 3 ⇒ γ (4) = 21 ⇒ γ (2) = 20 ⇒ γ (5) = 7 ⇒ γ (1) = 11, false.
Hence A29 is not an H ∗-group. We have obtained the following
Theorem 3.1. Let n < 35. Then An is an H ∗-group if and only if n = 15 or n = 28.
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